
Materials Science and Engineering A 422 (2006) 19–28

Pressure-balance and diffuse-interface models for surficial amorphous films
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Abstract

Recent observations of nanoscale surficial amorphous films in Bi2O3-doped ZnO are briefly reviewed. The experimental results are modeled
with two approaches. A pressure-balance model with the volumetric free energy being the dominant temperature-dependent interaction extended
from Clarke’s intergranular films model is proposed and numerically evaluated. This quantitative model predicts thicknesses versus temperature
behavior for subeutectic films consistent with experimental results. Alternatively, the sequence of adsorption and wetting events as a function of
temperature and composition is interpreted as a case of combined surface prewetting and premelting in a two-component system with a bulk eutectic
reaction as a generalization of Cahn’s critical point wetting model. In this second approach that better represents the through-thickness gradients,
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iffuse-interface formulation is proposed and analyzed for assessing surficial film stability as well as associated drying and complete wetting
ransitions. The observation made for Bi2O3 on ZnO can be represented by one of the possible surface prewetting/premelting phase diagrams.

2006 Elsevier B.V. All rights reserved.
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. Introduction

A unique class of grain boundary wetting and adsorption
ehaviors has been observed in multicomponent ionic and cova-
ent materials such as Si3N4, SiC, and ZnO doped with various
dditives, wherein an intergranular film (IGF) is stabilized at a
early constant thickness on the order of 1 nm [1–10]. These
GFs can be alternatively understood to be liquid-like layers
hat adopt an “equilibrium thickness” in response to a balance
mong several specific interactions that may individually act
o thicken or thin the film (Clarke [1]), or discrete and disor-
ered multilayer adsorbates with compositions set by the bulk
hemical potentials (Cannon and Esposito [3]). The physical
asis of the formation and stability of IGFs is an open scientific
uestion [1–5]. Furthermore, IGFs are technologically important
6–10].

Most recently, nanometer-thick, disordered intergranular
lms of similar character have been observed, surprisingly, in a
odel metallic system W–Ni [11]. This new observation shows

he ubiquitous existence of this class of interfacial phenomena

and provides new insights to understand the formation mecha-
nism of these nanoscale interfacial films.

On the other hand, nanoscale films of similar character have
recently been observed to form on free surfaces in several oxide
systems [12–15], and for native oxide films on silicon surfaces
under controlled ultra-low oxygen activities [16]. These films
are termed surficial amorphous films (SAFs) despite indications
of some local order existing within them [15]. A representative
high-resolution transmission electron microscopy (HRTEM)
image for an SAF observed in Bi2O3-doped ZnO is shown in
Fig. 1. The formation of SAFs is analogous to the theories of
equilibrium IGFs [1–3], multilayer gas adsorption [17], prewet-
ting [18–23], and premelting [24–26], but none of the existing
theories can be readily applied to explain the stability and char-
acter of these SAFs. In this paper we briefly summarize prior
experimental observations of SAFs in the model system Bi2O3
on ZnO, and then present and discuss two theoretical models for
these SAFs.

2. Summary of observations of SAFs in Bi2O3-doped
ZnO [12–15]
∗ Corresponding author. Tel.: +1 617 253 6471; fax: +1 617 253 6201.
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Amongst all oxide systems studied, Bi2O3-doped ZnO have
been mostly extensively characterized. The majority of our prior
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Fig. 1. A Bi2O3-enriched surficial amorphous film, or SAF, observed on the
ZnO {1 1 2 0} facet.

investigations were conducted via a powder experiment [12–15]
wherein nano-sized, Bi2O3-doped ZnO powders were fired
at elevated temperatures in closed containers to achieve ther-
mal equilibration, air-quenched, and characterized by HRTEM.
The observed SAFs in ZnO–Bi2O3 form preferentially on the
{1 1 2 0} surfaces. The anisotropic film formation has been
attributed to induced order between the ZnO {1 1 2 0} surface and
bismuth oxide structural units constituting the film, which may
lower the crystal–film interfacial energy and stabilize the surfi-
cial film [13]. The experimental observations of Bi2O3-enriched
SAFs formed on ZnO {1 1 2 0} surfaces are reported in Refs.
[12–15], and briefly summarized as follows:

(i) Surficial films with similar character are observed in
Bi2O3-saturated samples equilibrated above and below
the bulk eutectic temperature, 740 ◦C, and in single-phase
samples containing concentrations of Bi2O3 below the
solid-solubility limit (Fig. 2(a)) [12–15].

(ii) These films have nearly constant thickness at a fixed
temperature and chemical potential; once an equilibrium
state has been reached, variations in additional anneal-
ing time and the amount of bulk second phase have no
discernible influence on the average value of, or vari-
ability in, film thickness (Table 1). It was therefore con-
cluded that these SAFs have an equilibrium thickness
[12,13].

(iii) The equilibrium thickness exhibits a reversible depen-
dence on temperature and adsorbate/solute chemical
potentials (Fig. 2; Table 1) [13,15]. The film thickness,
corresponding to the Gibbsian excess of solute, decreases
monotonically with decreasing temperature in the subeu-
tectic range until nearly vanishing at a lower dewet-
ting/drying temperature. With increasing temperature, the
films persist into the solid–liquid co-existence regime with
gradual thickening upon heating and a complete wetting
is expected to occur at higher temperature. The surficial
films are thinner in unsaturated specimens containing a
lesser concentrations of Bi2O3 below the solid-solubility
limit.

(iv) While none of the films appear to be fully crystalline, most
films exhibit some degree of layering and lateral order
[15]. Although some order likely has intensified during
the quench, this observation supports the induced-order
hypothesis in the original Clarke model [1].

F 1 2 0}
o . (b) A
s r tem
T

ig. 2. (a) Schematic illustration of observed Bi2O3-enriched SAFs on ZnO {1
f constant film thickness, corresponding to constant adsorptions, are indicated
aturated samples, the equilibration was approached from both higher and lowe
he data are taken from Refs. [12–15], and summarized in Table 1.
(v) These SAFs have been found to form at thermal equilibra-
tion well below the bulk solidus and eutectic temperatures
(Figs. 1 and 2(a)). The formation of subeutectic and sub-
solidus “liquid-like” surficial films was presumed to be
driven by the reduction of interfacial energies [12,13],
being phenomenologically analogous to theory of surface
melting or premelting [24–26].

(vi) Like IGFs in ZnO–Bi2O3 [9,10], the nanoscale SAFs are
markedly enriched in ZnO, as compared with the equilib-
rium liquid. The average measured composition of the film
formed at 780 ◦C is 18 mol% Bi2O3 [13], while the near-

surfaces in the phase regions of the ZnO–Bi2O3 binary phase diagram. Lines
verage thicknesses vs. temperature in saturated and unsaturated samples. For

peratures, demonstrating reversible temperature-dependence of film thickness.
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Table 1
Summary of experimental conditions and corresponding thicknesses of SAFs for Bi2O3 on ZnO {1 1 2 0} surfaces

Samples Number of observations Mean thickness (nm) ± standard deviation

Bi2O3-saturated, T > TEutectic

Total (equilibrated at 780 ◦C) 97 1.54 ± 0.28
ZnO + 0.58 mol% Bi2O3, 780 ◦C, 1 h 48 1.54 ± 0.33
ZnO + 0.58 mol% Bi2O3, 780 ◦C, 2 h 19 1.53 ± 0.20
ZnO + 0.58 mol% Bi2O3, 780 ◦C, 3 h 11 1.47 ± 0.30
ZnO + 1.68 mol% Bi2O3, 780 ◦C, 1 h 19 1.59 ± 0.20

Bi2O3-saturated, T < TEutectic

Approach the equilibrium state from lower temperature
ZnO + 0.58 mol% Bi2O3, 700 ◦C, 10 h 34 1.30 ± 0.31
ZnO + 0.58 mol% Bi2O3, 650 ◦C, 24 h 29 1.14 ± 0.21
ZnO + 0.58 mol% Bi2O3, 600 ◦C, 24 h 17 0.96 ± 0.28

9 No films

Approach the equilibrium state from higher temperature
ZnO + 0.58 mol% Bi2O3, 780 ◦C, 1 h + 650 ◦C, 24 h 13 1.27 ± 0.26
ZnO + 0.58 mol% Bi2O3, 780 ◦C, 1 h + 600 ◦C, 96 h 6 1.07 ± 0.22
ZnO + 0.58 mol% Bi2O3, 780 ◦C, 1 h + 450 ◦C, 6 months Surface films may dewet.

Bi2O3-unsaturated
ZnO + 0.023 mol% Bi2O3, 780 ◦C, 24 h 10 1.41 ± 0.29
ZnO + 0.023 mol% Bi2O3, 700 ◦C, 24 h 4 0.92 ± 0.31
ZnO + 0.023 mol% Bi2O3, 650 ◦C, 48 h 5 0.80 ± 0.15

eutectic equilibrium bulk liquid contain ∼83 mol% Bi2O3
at the same temperature [27].

(vii) A second class of thicker films co-existing with nano-
droplets was observed, which indicates that the liquid does
not wet the disordered surface layer [15].

The formation of surficial films containing adsorbates at ther-
mal equilibration should obey the Gibbs adsorption theory.
The Gibbs isotherm equation, which relates changes in surface
energy with surface excess, should apply to the excess energy of
the entire SAF represents the excess free energy γcv for the ZnO
surface. However, this thermodynamic relation does not pre-
dict all film characteristics, such as thickness or composition.
The purpose of this paper is to develop more descriptive theo-
ries for SAFs using two approaches: a pressure-balance model
extended from the original Clarke model for IGFs [1,2] and a
diffuse-interface model extended from Cahn’s prewetting and
critical wetting model for immiscible liquids [18].

3. Surficial film stability in a pressure-balance model

In a pressure-balance model extended from the original
Clarke model for intergranular films [1,2], the excess free energy
per unit area associated with the SAF is written as

σx A123

w
s
t
a
l

the external potentials imposed by the adjoining crystal and
vapor phases. Here, σx ≡ (Fx/A) −∑iµiΓi is the most appro-
priate thermodynamic potential for the system’s constraints. In
early publications [13,15] Gx was used to represent the excess
free energy. However, the excess Helmholtz free energy Fx is
a less vague term to use here because the excess Gibbs free
energy is defined as Gx/A ≡ Fx/A − γ in the convention rec-
ommended by the International Union of Pure and Applied
Chemistry (IUPAC). Additionally, the inclusion of the refer-
ence term (−∑iµiΓi) ensures that σx does not depend on the
arbitrary position of the Gibbs dividing plane.

The excess film energy as a function of film thickness h,
referred to the state of h = 0, is a sum of several interactions:

�σ(h) = �γ − A123

12πh2 + Estruc(h)

+ Echem(h) + Eelec(h) + (�Gvolh) (1b)

with

�γ = γcl + γlv − γ (0)
cv (1c)

The first term in Eq. (1b) is the reduction in interfacial free energy
upon forming a surficial layer (i.e., replacing the ordered crystal
surface with independent liquid surface and crystal–liquid inter-
face). The term γ

(0)
cv refers to the excess free energy for the crys-

talline surface without an SAF, and the superscript (0) indicates
t
d
s
w
t
i
t
T

= γcl + γlv −
12πh2

+ Estruc(h) + Echem(h) + Eelec(h) + (�Gvolh), (1a)

here γcl and γ lv are the interfacial energies for the well-
eparated crystal–liquid and liquid–vapor interfaces, respec-
ively (which are well-defined thermodynamic potentials). The
dditional terms in Eq. (1a) arise when the crystal–liquid and
iquid–vapor interfaces interacts, as a result of the overlap of
hat it differs from γcv, the excess free energy for the multilayer
isordered ZnO surface with equilibrium adsorbates, which
hould correspond to a minimum of Eq. (1a) with respect to h
ith no applied stresses. When the film interfaces interact, addi-

ional contributions to energy arise. The second term in Eq. (1b)
s the non-retarded London dispersion interaction where A123 is
he Hamaker constant for the system air(1)/film(2)/substrate(3).
he terms Estruc(h), Echem(h), and Eelec(h) are the medium-range
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interactions of structural [1,12], chemical [5], and electrostatic
[2] origins, respectively, written as independent terms in Eq. (1)
for clarity. Finally, �Gvol is the difference in volumetric Gibbs
free energies for a liquid of the equilibrium bulk composition and
that of the average film composition. �Gvol is nonzero when the
bulk amorphous phase is metastable (i.e., at temperatures below
the below the bulk eutectic temperature) or when the film has an
average composition distinct from that of the equilibrium bulk
liquid.

However, in principle, the four terms, Estruc(h), Echem(h),
Eelec(h), and �Gvol, cannot be separated and calculated indepen-
dently. The sum of these four terms and the dispersion interaction
represents one physical quantity, i.e., the change in the excess
free energy of the system arising from the finite width of the sur-
ficial film as a result of the interaction of the two interfaces. A
surficial film of a thickness h for which �σ(h) < 0 is stable, and
the equilibrium thickness corresponds to a (global) minimum
excess free energy, for which:

d �σ(h)

dh
= 0 (2)

σ(h) may have multiple minima, but only the global minimum
corresponds to the equilibrium surface. In particular, because of
the layering of SAFs [15], multiple minima like exist, where each
minimum is close (but not necessarily identical) to an integer
number of layers (being analogous to the layering transitions
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length ξ. Combining Eqs. (1)–(3), the equilibrium thickness of a
surficial film, representing a balance of attractive and repulsive
pressures, should satisfy:

A123

6πh3 + �γ

ξ
· e−h/ξ + �Gvol = 0 (4)

To evaluate the thickness versus temperature relation for
Bi2O3 on ZnO, we can make several estimates. For Bi2O3–ZnO
eutectic liquid on ZnO, the dispersion interaction is attractive and
the Hamaker constant A123 was calculated from measured opti-
cal properties to be +137 zJ [13]. Since −�γ should be greater
than zero but less than the difference in crystal and liquid sur-
face energies (γcv − γ1v) = 500 mJ/m2 [28], a median value of
250 mJ/m2 is adopted.

We propose the surficial films in Bi2O3-saturated specimens
equilibrated slightly above eutectic temperature are represented
by the model expressed in Eq. (4) with �Gvol ≈ 0, where the
compositional undercooling is ignored for simplicity. Then, for
the SAFs formed at 780 ◦C, the equilibrium thickness associated
with a balance of the first two terms in Eq. (4) is taken to be equal
to the experimentally measured mean value of 1.54 nm, from
which ξ was evaluated to be 0.25 nm. The computed coherence
length is close to the typical value (0.3 nm) that was assumed for
silicates in previous research [1,3]. The associated excess film
free energy versus thickness curve is shown in Fig. 3(a) for the
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n multilayer gas adsorption); a global minimum for a given
et of chemical potentials and temperature can correspond to a
ry surface (∼zero or submonolayer thickness), an equilibrium
AF/moist surface (finite thickness), or a wet surface (infinite

hickness).
The spatial derivatives of the interactions in Eq. (1) are equiv-

lent to attractive or repulsive pressures acting across the film.
he presence of a long-range attractive dispersion pressure was
roposed to be critical to prevent intergranular films from unlim-
ted thickening [1,2]. However, we previously reported [13] the
xistence of nanometer-thick stable surficial films containing
i2O3 on Fe2O3 and WO3 on TiO2 where the dispersion inter-
ctions are repulsive (i.e., A123 < 0). Based on this observation
ombined with numerical evaluation [13], it was, therefore, sug-
ested that �Gvol is the key attractive interaction below the bulk
olidus temperature.

This formulation, however, is inherently imprecise for a non-
etting thin film, in part, as compositional or structural gradients

ssociated with the creation of both the equilibrium solid–liquid
nd liquid–vapor interfacial configurations may span dimen-
ions comparable to or exceeding an SAF thickness. However,
or a situation in which the liquid is nearly perfectly wetting, we
an usefully approximate the medium-range interactions (except
or dispersion forces) as being largely repulsive and, thereby,
lucidate some trends. Thus, we adopt a generic exponentially-
ecaying form [3] for the medium-range repulsion:

medium-range(h) = −�γ · e−h/ξ (3)

hich may include structural, chemical, and electrostatic contri-
utions. The two parameters for the medium-range interaction
re the reduction of interfacial energies �γ and the coherence
ase of no undercooling.
At large undercoolings, the �Gvol for amorphization will

ecome the dominant term [13]. A one-component formulation
ased simply on the film-forming additive is used to evaluate
he magnitude of this term:

G
amorph
vol = �Sfusion �T (5a)

here �Sfusion and �T are the fusion entropy and undercool-
ng, respectively. Substituting in the fusion entropy value of pure
i2O3 (0.29 mJ m−2 nm−1 K−1) [29], the pressures due to the
morphization term are estimated to be 11.6–40.6 MPa at an
ndercooling of 40–140 K (i.e., 600–700 ◦C), compared to the
ispersion forces being 1.5–5.5 MPa for h of 1.5–1 nm. Then,
urther assuming, for simplicity, that A123, �γ , and ξ are effec-
ively independent of temperature in the range of temperatures
f interest, the excess film free energies, �σ(h), versus thick-
esses were computed for several temperatures using Eqs. (1),
3), and (5a), and results are shown in Fig. 3. The equilibrium
hicknesses at 600, 650, and 700 ◦C, respectively, corresponding
o the minima as in Fig. 3, are 0.8, 0.9, and 1.1 nm, respectively.
hese results are 0.1–0.2 nm lower than the experimental data
hown in Table 1. This simple model also exhibits a transition
t an undercooling of about 300 ◦C; below this no finite film
s stable. This is in good agreement with the observation of a
ewetting/drying transition, but underestimates the actual tran-
ition temperature. Even with these approximations, the model
redicts reasonable equilibrium film thicknesses versus temper-
ture behavior, and suggests that the �Gvol plays a critical role
n determining subeutectic or subsolidus film stability. Below
nd above this temperature, the deep minimum in �σ(h) with
vanishingly thin film, also predicted by the model, is a con-
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Fig. 3. Computed excess film energies vs. thickness. In (a) for �T = �Gvol = 0, using ξ = 0.25 nm corresponds to an equilibrium thickness of 1.54 nm, representing
films equilibrated slightly above the eutectic temperature (at 780 ◦C). Then, in (a) and (b) excess film free energy vs. thickness curves are shown for temperatures
below the solidus temperature down to �T = 300 ◦C, T ∼ 440 ◦C.

sequence of the singularity in this continuum description of the
dispersion force, ∝1/h3, and could be eliminated from the model
with considerations of finite atomic separations; the minimum
near zero is ignored in this heuristic model.

Further consideration suggests that �Gvol can still be pos-
itive because of compositional undercooling at and somewhat
above the eutectic temperature. Measured compositions of films
co-existing with bulk liquid are markedly different from that
of the bulk liquid [13]. This term should depend on film thick-
ness because the average film composition varies (approaching
the bulk liquid composition) as the SAF thickness increases. A
simple estimate of the associated volume energy can be from

�G
amorph
vol ≈

(
kT

Vc

)
ln

(
c

c0

)
. (5b)

where c is the solute composition in the film, c0 that in the bulk
liquid, and Vc is the volume per cation in each.

Refined models could be developed with better estimates
of the interfacial energies and empirical compositions of the
SAFs. Further refinements would remove the assumption of a
homogenous film composition and structure. The equilibrium
composition should derive from a compromise: to minimize the
volume penalty, the composition is coerced towards the bulk
liquid; to minimize the interfacial transition energy, that the com-
position would approach that of the bulk substrate; to minimize
t
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Z
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a

immiscible liquids [18] and confirmed for organic and metal-
lic liquids [19–22] and a binary liquid crystal system [23]. A
schematic of the phase diagram of the system studied by Cahn
is depicted in Fig. 4(a). For Bi2O3 on ZnO {1 1 2 0} surfaces,
the film thickness exhibits a temperature dependence counter to
that expected from adsorption in the Langmuir–McLean model
[30], but consistent with that of the prewetting model [18], in
that it decreases monotonically with decreasing temperature in
the range below the eutectic at 740 ◦C until nearly vanishing at a
surface dewetting/drying temperature between 450 and 600 ◦C.
A Langmuir-type submonolayer adsorption is expected to occur
below the drying temperature. With increasing temperature, the
Bi2O3-rich films persist well into the solid–liquid co-existence
regime. However, perfect wetting of Bi2O3-enriched liquid was
found to occur on the polycrystalline ZnO surface at ∼920 ◦C
[28] and at grain boundaries in Bi2O3-doped ZnO at ∼950 ◦C
[31]. Thus, perfect wetting may be expected to occur on the
{1 1 2 0} surface above 900 ◦C. A schematic phase diagram of
the observation made for Bi2O3 on ZnO is depicted in Fig. 4(b),
which is consistent with a generalized prewetting/premelting
model proposed in the following text.

There are two distinct transitions (Figs. 2 and 4(b)) in the
present case for Bi2O3 on ZnO, one for the onset of thick adsorp-
tion layers and a second for the transition to complete wetting
(i.e., contact angle θ = 0 and γsv = γsl + γ lv) above which surface
films are arbitrarily thick. We call these drying and complete wet-
t
t
l
p
l
(

a
p
f
f

σ

he short-range excess energy associated with a terminating sur-
ace, it approaches that of the surface of the bulk liquid. Through
hickness surface film gradients can facilitate in some respects,
ut energy penalties must be considered explicitly. These are
escribed in the context of diffuse-interface theories discussed
n Section 4.

. Surficial films as a case of prewetting in a
iffuse-interface model

The sequence of adsorption and wetting events in Bi2O3 on
nO {1 1 2 0} facets as a function of temperature and compo-
ition may be alternatively interpreted as a case of prewetting,
s a generalization of the theory proposed by Cahn for binary
ing transitions and the intervening region of equilibrium films
o correspond to moist surfaces. The dry to moist/SAF transition
ines in the subeutectic and subsolidus regimes appear to be the
rewetting lines for the present case, which are analogous to the
ow to high adsorption transition line in the original Cahn model
Fig. 4(a)).

A model for surficial films in Bi2O3–ZnO can be obtained
s an extension to Cahn’s theory [18]. The adsorption in the
rewetting regime is analyzed using a diffuse-interface model
or the concentration function c(x) that minimizes the excess
ree energy per unit area of a flat surface:

x = Φ(cs) +
∫ ∞

0
[�f (c) + κc · |∇c|2] dx (6)
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Fig. 4. (a) Schematic illustration of Cahn’s prewetting model [18] for binary immiscible liquids, where the complete wetting line in the co-existence regime extends
into the single-phase region as a first-order prewetting (low to high adsorption transition) line which terminates at a surface critical point. (b) Schematic illustration
of a generalized prewetting model that represents the wetting and adsorption events in ZnO–Bi2O3 as shown in Fig. 2. This is one of several possible surface phase
diagrams for a two-component system with a bulk eutectic reaction. The moist surfaces correspond to high adsorption or the formation of SAFs. Below the drying
temperature, the occurrence of Langmuir–McLean (L–M) type submonolayer adsorption is expected. The prewetting line, representing a first-order transition from
L–M adsorption (dry) to SAFs (moist), extends from the subeutectic regime into the single-phase region and terminates at a first-order surface premelting transition
point. (c) If the surface premelting transition for the (pure) end member A is continuous (i.e., no first-order thin-thick transition), the prewetting line is expected to
terminate at a surface critical point. See text for details.

where x is the spatial parameter, perpendicular to the free surface
located at x = 0; Φ(cs) is the short-range excess energy associ-
ated with a terminating surface (i.e., surface boundary-condition
energy term), where cs is the concentration at the surface;
�f(c) is the homogenous free energy referred to equilibrium
bulk phases and a typical �f(c) is schematically illustrated in
Fig. 7(a).

The observed surficial films form on crystalline solids and
their incomplete ordering is a key attribute in the physics of
the film’s stability. Based on recent diffuse-interface models
for crystal–liquid interfaces being extended to intergranular
films [32–35], the prewetting model [18] can be modified to
include two order parameters, where the film energy functional
is

σx = Φ(cs, ηs, θs) +
∫ ∞

0
[�f (η, c) + κη|∇η|2

+ s(η)|∇θ| + κc|∇c|2] dx (7)

where η and θ are the spatially-varying order parameters of crys-
tallinity and orientation; �f(η, c) is a function of both concen-
tration and crystallinity but independent of orientation. Gradient
energy coefficients, κη, κc, and s(η), are the model parame-
ters. The surface boundary-condition energy Φ(cs, ηs, θs) could
depend on all three parameters. The gradient in orientation (∇θ)
i
fi
d
g
t
s
a

σ

where the θs dependence is omitted and the following normal-
ized field variables are used for brevity:⎧⎪⎪⎨
⎪⎪⎩

c̃ = c√
κc

η̃ = η√
κη

(8b)

The effects of dispersion forces, electrical double-layer space-
charge, and strain energy should be included separately but are
not developed here.

The equilibrium spatially-varying η̃(x) and c̃(x) profiles cor-
respond to the global minimum in the excess free energy
expressed in Eq. (8a), which, from Appendix A, should satisfy:

|∇η̃(x)|2 + |∇ c̃(x)|2 = �f (η̃, c̃) (9)

Also from Appendix A, Eq. (8a) can be transformed to an equiv-
alent variational calculus problem in the (c̃, η̃)-space using Eq.
(9). Thus, the excess surface free energy referred to an un-
relaxed, cleaved surface (i.e., a refined expression for �σ in
Eq. (1b) considering through-thickness gradients) is found to
be:

�σ = −�Φ̃(c̃s, η̃s) + I(c̃s, η̃s) (10a)

The first term, the reduction in the surface boundary-condition
energy term due to concentration and structure variations at
t
a

�

T
g
v
p

I

s less important for surficial films than that in intergranular
lms, where a “forced” �θ is imposed by two boundary con-
itions, and thus may be neglected for simplicity. Although the
radient and surface boundary-condition terms could depend on
he actual surface orientation θs, this orientation does not vary
patially if ∇θ ≈ 0. Thus, Eq. (7) can be further simplified for
fixed orientation as:

x = Φ̃(c̃s, η̃s) +
∫ ∞

0
[�f (η̃, c̃) + |∇η̃|2 + |∇ c̃|2] dx (8a)
he terminating surface, is the primary driving force for surface
dsorption and/or disordering:

Φ̃(c̃s, η̃s) ≡ Φ̃(c̃b, η̃b) − Φ̃(c̃s, η̃s) > 0 (10b)

he second term in Eq. (10a) represents the total volumetric and
radient energies, which is an energy penalty for the near-surface
ariations in concentration and order parameter. This term is a
ath integral in the (c̃, η̃)-space:

(c̃s, η̃s) =
∫ (c̃s,η̃s)

(c̃b,η̃b)

[
2
√

�f (η̃, c̃)
]

ds (10c)
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Fig. 5. A graphic interpretation of the diffuse-interface formulation expressed

in Eq. (10). The contours of a representative 2
√

�f (η̃, c̃) in the subeutectic
region are plotted in gray scale in the (c̃, η̃)-space. Simultaneous variation in
concentration and order parameter from inside the bulk material to the free
surface is shown as the white line. Three contours of �Φ̃ are plotted as the
dotted lines. Since �σ = −�Φ̃ + I (Eq. (10)), the surface concentration (c̃s)
and order parameter (η̃s) are derived by a compromise: The −�Φ̃ term drives

(c̃s, η̃s) to be away from, while I, the path integral of 2
√

�f along the white
line, “pulls” them back to, the bulk values (c̃b, η̃b).

Here (c̃b, η̃b) and (c̃s, η̃s) are the normalized concentration and
order parameter inside the bulk material and at the surface,
respectively. The integration path in Eq. (10c) should be chosen
to minimize the integral I(c̃s, η̃s) for any given pair of (c̃s, η̃s).

Eq. (10) provides a graphical construction for equilibrium
solutions to the diffuse-interface model. The contours of 2

√
�f

are plotted in gray scale in the (c̃, η̃)-space in Fig. 5, where the
simultaneous variation in c̃ and η̃ from inside the bulk mate-
rial to the surface is shown as the white line with two open
dots representing the bulk material and the surface. I(c̃s, η̃s),
an energy penalty for compositional and structural variations
near the surface, is represented by a path integral of the function
2
√

�f along the white line in Fig. 5. Three contours of �Φ̃ are
also plotted as the dotted lines in Fig. 5, assuming adsorption
and surface disordering reduces the surface term �Φ̃. Surface
adsorption and disordering are driven by the −�Φ̃(c̃s, η̃s) term,
at the expense of an increase in the path integral I(c̃s, η̃s). The
surface concentration (c̃s) and order parameter (η̃s) are therefore
derived by a compromise between the two terms. The thermo-
dynamic equilibrium surface configuration corresponds to the
(c̃, η̃) trace (i.e., a white line in Fig. 5) that minimizes the total
excess energy expressed in Eq. (10a). The spatial dependences of
concentration c̃(x) and order parameter η̃(x) can be then obtained
using Eq. (9) for a given (c̃, η̃) trace.

First-order dry to moist/SAF transitions can be deduced
graphically (Fig. 6). This type of transitions is termed dry-
i
t
r
i
�

a

Fig. 6. Schematic illustration of a first-order prewetting/drying/dewetting tran-
sition. Due to the existence of an energy barrier, two local minima should exist
for �σ = −�Φ̃ + I. Assuming that the high adsorption configuration has lower
�σ near the bulk eutectic temperature, moist surfaces, or SAFs are thermody-
namically stable. As the temperature deceases in the subeutectic region (�T↑),
the path integral for high adsorption IH increases significantly with increasing
�Gvol for the metastable liquid phase, leading to drying transition where the
low adsorption state becomes energetically preferred.

the driving force for adsorption, �Φ, is significant, the high
adsorption state is energetically preferred near the bulk eutec-
tic temperature and the low adsorption is metastable. As the
temperature deceases in the subeutectic region (�T↑), the path
integral for high adsorption, IH, increases with increasing �Gvol
for the metastable liquid phase, leading to a transition where
the low adsorption configuration becomes energetically favorite.
The first-order drying/dewetting transition (i.e., the prewetting)
temperature is therefore defined by

�GH = −�Φ̃H + IH = �GL = −�Φ̃L + IL (11)

Analysis of the KWC model [32] also suggested the existence
of similar first-order prewetting transitions for grain boundaries
[35].

The prewetting/drying line should extend into the single-
phase regime, where the prewetting/drying temperature
increases with decreasing chemical potential. The prewet-
ting/drying line may terminate at either a first-order surface
premelting transition point (Fig. 4(b)) if the end member A
does exhibit a first-order premelting transition, or a surface crit-
ical point (Fig. 4(c)) if the surface of the end member A does
not premelt or premelts as a continuous transition. Assuming
a double-well potential [36] for the η̃ dependence of excess
volumetric free energy �f, the energy barrier (as schematically
s
e
e

t
u
t

ng, dewetting, or prewetting transition, and we use these three
erms interchangeably. Due to the existence of an energy bar-
ier in excess volumetric free energy �f, and correspondingly
n the contours of 2

√
∆f , two local minima should exist for

σ expressed in Eq. (10a), one for low adsorption (small �ΦL
nd IL) and one for high adsorption (large �ΦH and IH). If
hown in Fig. 6), if high enough, likely persists throughout the
ntire single-phase regime, suggesting the possibility for the
xistence of a first-order premelting transition point (Fig. 4(b)).

The occurrence of complete wetting is more complicated for
he present case. According to Eq. (9), complete wetting occurs
nder the condition that the white line in Fig. 5 or Fig. 6 passes
hrough a point of zero volumetric free energy (that corresponds
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to an equilibrium liquid), wherein

|∇η̃(x)|2 + |∇ c̃(x)|2 = �f = 0 (12)

indicates a thick (bulk) film with constant c̃(x) and η̃(x). Depen-
dent on the specific formulation of �Φ̃(c̃s, η̃s) and �f (c̃, η̃),
complete wetting may either occur at the bulk eutectic tempera-
ture or be delayed to a higher temperature. In other words, com-
positional undercooling and/or coupling between the volumetric
and gradient terms in Eq. (8a) may, but need not, result in an
effective attractive pressure that prevents/delays the divergence
of film thickness at the bulk eutectic temperature. The existence
of additional attractive interactions that are not included in the
diffuse-interface model, such as the London dispersion force,
likely further delays complete wetting.

Based on the above discussions, two possible surface prewet-
ting/premelting phase diagrams are assembled in Fig. 4(b and
c), which resemble the observation made for Bi2O3 on ZnO as
shown in Fig. 2. It is worthy noting that Fig. 4(b and c) only
represent two of many possible surface phase diagrams that can
be deduced for Eq. (10) for different �f and �Φ̃ functions. For
examples, with a different set of �f and �Φ̃ functions, (1) the
complete wetting may occur at the bulk eutectic temperature
where the film thickness is divergent, (2) the drying and com-
plete wetting transitions may merge into one horizontal line in
the liquid–solid co-existence regime, and (3) solid-state wetting
and/or ordered multilayer adsorbates may also occur. A system-
a
p

a
p
a
p
q
d
t
(
a∣∣∣∣
w
i
i
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fi
p
l
b
(√

w
a

Fig. 7. The diffuse vs. abrupt adsorbate–substrate interfaces can also be under-
stood through differing volumetric free energy functions associated with the
bulk phase diagrams.

fied treatment of the film free energy model in Section 3 where
through-thickness gradients are neglected, but for approxima-
tions concerning medium-range forces.

5. General discussion

The pressure-balance formulation provides useful insights,
but provides no microscopic physical interpretation for the var-
ious contributions to interfacial pressure (i.e., it treats the film
as homogenous and incapable of forming adsorption layers).
A simple interpretation would suppose the ordered crystal sur-
face to be clean (without any adsorption), and so γ

(0)
cv to be that

for a pure crystal. Such an approximation has been invoked for
some organic systems [37], but is unlikely, in general, as some
adsorption could be expected, which would lower γ

(0)
cv at solute

chemical potentials below that for stable film formation. The
formulation in Eq. (1a) does not depend on γ

(0)
cv , and so Eq. (3)

could be reformulated with an approximation to �γ . However,
any adsorption would influence the drying transition condition;
moreover, predictions of stable SAF satisfying Eq. (2) may be
metastable surface configurations with higher energy than some
more ordered surface with a γ

(0)
cv decreased by adsorption.

Although SAFs observed for Bi2O3 on ZnO exhibit some
evidence of partial order [15], there must be some entropy
from structural disorder or compositional mixing in the films
t
d
a
o
a
d
t
t
v

tic assessment of all types of surface prewetting/premelting
hase diagrams is beyond the scope of this paper.

The prewetting/premelting model can also be qualitatively
djusted to correlate with experimental observations. For exam-
le, the film–substrate interface in Fig. 1 is nearly atomically
brupt, appearing to contradict the “diffuse interface” results
redicted by Cahn’s original prewetting model [18]. Such a
ualitative difference in behavior might well be expected from
ifferent bulk phase diagrams: one with a deep eutectic reac-
ion (Fig. 4(b)) versus a binary liquid with a miscibility gap
Fig. 4(a)). From Eq. (7) in Ref. [18] the concentration gradient
t the adsorbate–substrate transition is

dc

dx

∣∣∣∣
trans

=
√

�E

κc

(13a)

here �E is the height of the barrier between substrate and film
n the free energy versus concentration function (being schemat-
cally illustrated in Fig. 7). In the present system (ZnO–Bi2O3),
he free energy barrier for the structural transition is very high
nd would be consistent with a region of atomically-abrupt
lm–substrate transition between graded regions in the film and
erhaps in the crystalline substrate. The more accurate formu-
ation for surficial films can be deduced from Eq. (9) including
oth concentration and order parameters as a generalization Eq.
13a):∣∣∣∣dη̃

dx

∣∣∣∣
2

trans
+
∣∣∣∣dc̃

dx

∣∣∣∣
2

trans
=

√
�E (13b)

here a similar analysis can be proposed. The existence of an
brupt transition would also support contemplation of the simpli-
o account for the trends in temperature and chemical potential
ependences to film thickness. These trends in film thickness,
s well as the observed sequence for appearance/disappearance
f dry, moist, and wet surfaces as a function of temperature
nd composition, are predicted by the pressure-balance and
iffuse-interface models. The reasonable agreements between
he experiments and model predictions, including the quantita-
ive agreement between the calculated and measured thickness
ersus temperature, support the proposed models, and in par-
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ticularly, further supports our prior hypothesis [13,15] of the
critical role of volumetric term in determining the surficial film
thickness and stability.

Both the pressure-balance model and the diffuse-interface
model predict the existence of two distinct transitions (differ-
ent from the original Cahn model). In subeutectic films, the
finite thickness is largely set by the volumetric energy for amor-
phization. In the pressure-balance model, the presence of the
dispersion force causes an abrupt drying transition, and it is the
only explicit force in that model that delays complete wetting
when �Gvol ≈ 0; without it, Eqs. (5) give heq ∝ −ln(�T/Tm),
i.e., diverging at the melting point, and a continuous drying
transition. However, it is not yet experimentally proven that the
drying transition is first-order and the eutectic liquid is perfectly
wetting but for dispersion forces.

On the other hand, the generalized prewetting diffuse-
interface model proposed in Section 4 suggested a first-order
drying transition as well as the possibility of a delayed complete
wetting even without the attractive dispersion pressure. In addi-
tion, the existence of attractive/repulsive dispersion and/or other
pressures that are not included in the diffuse-interface model
would affect characteristics of the wetting and drying transitions.
Along with dispersion forces, epitaxial coherence between the
first layer of the SAF and solid surface may be necessary for for-
mation of these films; this would account for lower γcl, or lower
gradient energy penalty terms, but may also imply a structure is
i
p

d
t
r
b
i
s
i
d

6

s
p
o
t
i
a
b
i
v
a
c
d
b
p
i
w

multilayer adsorbates. Dependent on the specific characteris-
tics of the excess volumetric free energy function and surface
boundary-condition energy term as well as the existence and
strength of additional interactions such as dispersion pressure,
space-charge, and strain energy, a variety of characteristic sur-
face phase diagrams and transitions can exist.
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Appendix A. Deduction of Eqs. (9) and (10) from Eq. (8)

Using the basic principles of variational calculus, the Euler
equations for Eq. (8a) are found to be⎧⎪⎪⎨
⎪⎪⎩

δ(�f )

δη̃
= 2

d2η̃

dx2

δ(�f ) = 2
d2c̃

(A.1)

H

I

|
T
s

|
T

i

mposed onto the SAF that differs from the liquid and prevents
erfect wetting.

Numerous microscopic phenomena affect the character of
ry, moist, and wet surfaces as well as transitions. Predic-
ion of the characteristic prewetting/premelting phase diagrams
equires that each phenomenon be treated. Rich behavior may
e expected given that surface reconstruction, film composition,
nduced partial order, strain and electrostatic energies, and phase
eparation within the film plane, are all coupled. It may be that
nterfacial phase diagrams are even more diverse than bulk phase
iagrams.

. Conclusions

The adsorption and wetting events in oxide systems repre-
ented by Bi2O3 on ZnO can be interpreted as a case of combined
rewetting and premelting. However, surficial amorphous films
n crystalline solids in two-component oxides with deep eutec-
ic reactions should exhibit different character than adsorption
n simpler binary liquids, including for example an atomically
brupt rather than diffuse crystal–film transition. A pressure-
alance model with the volumetric free energy being the dom-
nant temperature-dependent interaction results in thicknesses
ersus temperature behavior for subsolidus films that is in good
greement with experimental results, thereby illustrating the
ritical role of volumetric free energy term for amorphization in
etermining subeutectic film stability. Dispersion forces are one,
ut perhaps not the only force that delays complete wetting. Both
ressure-balance model and the generalized prewetting/diffuse-
nterface model predict the possibility for distinct drying and
etting transitions with the intervening region of equilibrium
δc̃ dx2

ence:

d(�f )

dx
= δ(�f )

δη̃
· dη̃

dx
+ δ(�f )

δc̃
· dc̃

dx

= 2 · d2η̃

dx2 · dη̃

dx
+ 2 · d2c̃

dx2 · dc̃

dx

= d

dx

((
dη̃

dx

)2

+
(

dc̃

dx

)2
)

= d

dx
(|∇η̃(x)|2 + |∇ c̃(x)|2)

(A.2)

ntegrating the both sides of Eq. (A.2) gives:

∇η̃(x)|2 + |∇ c̃(x)|2 = �f (η̃, c̃) + C0 (A.4)

he constant C0 should be zero since the following relation
hould be held inside the bulk material:

∇η̃(x)|2 + |∇ c̃(x)|2 = �f (η̃b, c̃b) = 0 (A.5)

hus, Eq. (9) has been deduced.
Using Eq. (9), we can transform variables for the two integrals

n Eq. (8a) and (10a) between x-space and (η̃, c̃)-space:∫ ∞

0
[�f (η̃, c̃) + |∇η̃|2 + |∇ c̃|2] dx

=
∫ ∞

0
2 ·
√

�f (η̃, c̃) ·
√

|∇η̃|2 + |∇ c̃|2 dx

=
∫ (c̃s,η̃s)

(c̃b,η̃b)

[
2
√

�f (η̃, c̃)
]

ds (A.6)
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where the following relation is used:√
|∇η̃|2 + |∇ c̃|2 dx =

√
(dη̃)2 + (dc̃)2 = ds (A.7)

Therefore, the variational calculus problem specified by Eq. (8a)
can be equivalently defined by Eqs. (10) and (9).
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